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Abstract
The quark-antiquark pairing due to the four-fermion direct coupling induced by the instan-
tons in QCD is studied in the framework of the functional integral method. The integral equa-
tions for the order parameters are derived. Several classes of the solutions of these non-linear
equations are considered in details. Their implications for the dynamical symmetry breakings
are discussed.
1 INTRODUCTION.
The superconducting pairing of quarks due to the gluon exchange in QCD with the formation
of the diquark condensate was proposed by Barrois[1] and Frautschi[2] since more than two decades
and then studied by Bailin and Love[3], Donoglue and Sateesh[4], Iwasaki and Iwado[5]. Recently in
a series papers by Alford, Rajagopal and Wilczek[6], Scha¨fer and Wilczek[7], Rapp, Scha¨fer, Shuryak
and Velkovsky[8], Evans, Hsu and Schwetz[9], Hieu and Tuong[10], Son[11], and others there arose
a new interest to the existence of the diquark Bose condensate in the QCD dense matter - the
color superconductivity. The connection between the color superconductivity and the chiral phase
transition in QCD was studied by Berges and Rajagopal[12], Harada and Shibata[13]. There exists
also the spontaneous parity violation, as it was shown by Pisarski and Rischke[14].
The present work is devoted to the study of the quark-antiquark pairing due to some direct four-
fermion coupling in the framework of the functional integral approach[15]. For the systems of quarks
and antiquarks with Nc colors and Nf = 2 flavors this direct four-fermion coupling might be induced
by the instantons[8,16,17]. We derive the general integral equations for the order parameters of the
Bose condensate of the quark-antiquark pairs in the interacting systems with any direct four-fermion
coupling. By establishing the existence of the order parameters with definite symmetry properties in
the system with Nc colors and two flavors we come to the conclusions on the dynamical spontaneous
breaking of the corresponding symmetries.
2 BOSONIC COMPOSITE FIELD.
Denote ψA (x) the quark field, where A = (αai) is the set consisting of the Dirac spinor index
α = 1, 2, 3, 4 and the color and flavor indices a = 1, 2, ...Nc and i = 1, 2, ...Nf . The internal symmetry
groups are assumed to be SU (Nc)c and SU (Nf)f . We work in the imaginary time formalism and
denote x = (τ,x) a vector in the Euclidean four-dimensional space.
The partition function of the system of free quarks and antiquarks at the temperature T can be
expressed in the form of the functional integral
Z0 =
∫
[Dψ]
[
Dψ
]
exp
{
−
∫
dxψ
A
(x)DBAψB (x)
}
(1)
1
with the brief notations ∫
dx =
∫ β
0
dτ
∫
dx, β =
1
kT
,
DBA =
[
γ4
(
∂
∂τ
− µ
)
+ γ∇+M
]B
A
, (2)
where k is the Boltzmann constant, µ is the chemical potential and M is the bare quark mass. We
write the interaction Lagrangian of the four-fermion coupling in the most general form
Lint =
1
2
ψ
A
(x)ψB (x)U
BD
AC ψ
C
(x)ψD (x) . (3)
The partition function of the interacting system equals
Z =
∫
[Dψ]
[
Dψ
]
exp
{
−
∫
dxψ
A
(x)DBAψB (x)
}
exp
{
1
2
∫
dxψ
A
(x)ψB (x)U
BD
AC ψ
C
(x)ψD (x)
}
. (4)
Following the method in the functional integral approach[15] we introduce some bosonic composite
field ΦAB (x) and the functional integral
ZΦ0 =
∫
[DΦ] exp
{
−
1
2
∫
dxΦAB (x)U
BD
AC Φ
C
D (x)
}
. (5)
We have the Hubbard-Stratonovich transformation
exp
{
1
2
∫
dxψ
A
(x)ψB (x)U
BD
AC ψ
C
(x)ψD (x)
}
=
1
ZΦ0
∫
[DΦ]
exp
{
−
1
2
∫
dxΦAB (x)U
BD
AC Φ
C
D (x)
}
exp
{
−
∫
dxψ
A
(x)ψB (x)∆
B
A (x)
}
, (6)
where
∆BA (x) = U
BD
AC Φ
C
D (x) . (7)
Denote SBA (x− y) the two-point Green function of the free quark field,
DBAS
C
B (x− y) = δ
C
Aδ (x− y) . (8)
Substituting the expression (6) into the r.h.s. of the formula (4) and performing the functional
integration over the fermionic variables, we obtain the partition function Z in the form of a functional
integral over the bosonic integration variables
Z =
Z0
ZΦ0
∫
[DΦ] exp {Ieff [Φ]} (9)
with the effective action of the bosonic composite field
Ieff [Φ] = −
1
2
∫
dxΦAB (x)U
BD
AC Φ
C
D (x) +W [∆] , (10)
W [∆] =
∞∑
n=1
W (n) [∆] , (11)
W (1) [∆] =
∫
dx∆BA (x)S
A
B (0) ,
2
W (2) [∆] = −
1
2
∫
dx1
∫
dx2∆
B1
A1
(x1)S
A2
B1
(x1 − x2)∆
B2
A2
(x2)S
A1
B2
(x2 − x1) , (12)
W (3) [∆] =
1
3
∫
dx1
∫
dx2
∫
dx3
∆B1A1 (x1)S
A2
B1
(x1 − x2)∆
B2
A2
(x2)S
A3
B2
(x2 − x3)∆
B3
A3
(x3)S
A1
B3
(x3 − x1) ,
W (n) [∆] =
(−1)
n+1
n
∫
dx1...
∫
dxn∆
B1
A1
(x1)S
A2
B1
(x1 − x2)
∆B2A2 (x2) ....S
An
Bn−1
(xn−1 − xn)∆
Bn
An
(xn)S
A1
Bn
(xn − x1)
.......
From this effective action we derive the field equation
∆DC (x) = U
DB
CA G
A
B (x, x) , (13)
where the two-point Green function of the quark field in the presence of the condensate GAB (y, x) is
determined by the Schwinger-Dyson equation
GAB (y, x) = S
A
B (y − x)−
∫
dzSCB (y − z)∆
D
C (z)G
A
D (z, x) . (14)
3 GENERAL EQUATIONS AND RELATIONS FOR OR-
DER PARAMETERS.
Now we study the constant solution
∆AB (x) = ∆
0A
B = const. (15)
of the system of equations (13) and (14). The non-vanishing components of the constant rank 2
spinor (15) can be considered as the order parameters of the quark-antiquark pair Bose condensate.
For the special class (15) of the bosonic field ∆AB (x) the Green functions G
A
B (y, x)depend only on
the coordinate difference
GAB (y, x) = G
A
B (y − x) .
Denoting G˜AB (p, εn)and S˜
A
B (p, εn) the Fourier transforms of G
A
B (y − x) and S
A
B (y − x) resp.,
εn = (2n+ 1)
pi
β
,
n being integers, we rewrite the equations (13) and (14) in the form
∆0DC = U
DB
CA
1
β
∑
n
1
(2pi)
3
∫
dpG˜AB (p, εn) (16)
G˜AB (p, εn) = S˜
A
B (p, εn)− S˜
C
B (p, εn)∆
0D
C G˜
A
D (p, εn) (17)
Introducing the matrices ∆̂0, Ĝ (p, εn) and Ŝ (p, εn) with the elements ∆
0A
B , G˜
A
B (p, εn)and S˜
A
B (p, εn) ,
and the inverse matrix
1
Ŝ (p, εn)
= i [γ4 (εn + iµ) + γp] +M = ip̂+M, (18)
from the Schwinger-Dyson equation (17) we obtain
1
Ĝ (p, εn)
=
1
Ŝ (p, εn)
+ ∆̂0. (19)
3
Using the expressions (10)-(12) of the partition function and the field equations (13) and (14) we
can derive also the expression of the free energy density of the system. In the case of the constant
field (15) we have[15]
F
[
∆̂0
]
= −
1
β2
∑
n
1
(2pi)
3
∫
dpTr
{
∆̂0
[∫ 1
0
Ĝω (p, εn) dω −
1
2
Ĝ (p, εn)
]}
, (20)
where Ĝ (p, εn)was given by the equation (19) and Ĝ
ω (p, εn) is determined by a similar one with
the replacement of ∆̂0 by ω∆̂0:
1
Ĝω (p, εn)
=
1
Ŝ (p, εn)
+ ω∆̂0. (21)
From the rotational invariance it follows that the rank 2 spinor ∆
0(αai)
(βbj) has the most general
form
∆
0(αai)
(βbj) = δ
α
βΣ
(ai)
(bj) + (γ4)
α
β Σ
′ (ai)
(bj) + i (γ5)
α
β Π
(ai)
(bj) + i (γ4γ5) Π
′ (ai)
(bj) . (22)
In order to avoid the lengthy calculations we consider the systems with the order parameters having
a special form
∆
0(αai)
(βbj) = δ
α
βΣ
(ai)
(bj) + i (γ5)
α
β Π
(ai)
(bj). (23)
There is some correspondence between the existence of the non-vanishing components of ∆
0(αai)
(βbj)
and the dynamical spontaneous symmetry breakings in these systems:
a) Spontaneous parity violation ↔ Π
(ai)
(bj) 6= 0.
b) Spontaneous color symmetry breaking ↔ Σ
(ai)
(bj) 6= δ
a
b Σ
i
j and/or Π
(ai)
(bj) 6= δ
a
bΠ
i
j .
c) Spontaneous flavor symmetry breaking ↔ Σ
(ai)
(bj) 6= δ
i
jΣ
a
b and/or Π
(ai)
(bj) 6= δ
i
jΠ
a
b .
d) Spontaneous chiral symmetry breaking ↔M = 0,Σ
(ai)
(bj) 6= 0 and/or Π
(ai)
(bj) 6= 0.
In the study of the QCD vacuum one often used the physical quantity
n =
〈
ψ
A
(x)ψA (x)
〉
which was called the quark condensate. This constant is expressed in terms of the covariant com-
ponents of the order parameters Σ
(ai)
(bj) and/or Π
(ai)
(bj).
For the instanton induced four-fermion direct coupling in the system with Nc colors and two
flavors we have[8,16,17]
UBDAC =
1
2
{
g1
[
δβαδ
δ
γ + (γ5)
β
α (γ5)
δ
γ
]
+ g2 (σµν)
β
α (σµν )
δ
γ
}
δbaδ
d
c
[
δji δ
ℓ
k − (τ)
j
i (τ)
ℓ
k
]
ϕ
−
1
2
{
g1
[
δδαδ
β
γ + (γ5)
δ
α (γ5)
β
γ
]
+ g2 (σµν)
δ
α (σµν)
β
γ
}
δdaδ
b
c
[
δℓi δ
j
k − (τ)
ℓ
i (τ)
j
k
]
ϕ, (24)
where ϕ is the form-factor. With the positive constant g1 the quark-antiquark effective interaction
is attractive in the pseudoscalar isovector (pion) and scalar isoscalar (σ - meson) channels[18]. Sub-
stituting the expressions (23) and (24) into the r.h.s. of the equations (16) and (17) and introducing
the NcNf × NcNf matrices Σ̂ and Π̂ with the elements Σ
(ai)
(bj) and Π
(ai)
(bj), we obtain the system of
equations for these order parameters in the matrix form:
Σ
(dℓ)
(ck) = V
(dℓ)(bj)
(ck)(ai)
1
β
∑
n
1
2pi2
∫
ϕ (p)
(M + Σ̂) 1
(εn + iµ)
2 + p2 +
(
M + Σ̂
)2
+ Π̂2

ai
bj
p2dp, (25)
4
Π
(dℓ)
(ck) = −V
(dℓ)(bj)
(ck)(ai)
1
β
∑
n
1
2pi2
∫
ϕ (p)
Π̂ 1
(εn + iµ)
2 + p2 +
(
M + Σ̂
)2
+ Π̂2

ai
bj
p2dp, (26)
V
(dℓ)(bj)
(ck)(ai) = 2g1δ
b
aδ
d
c
[
δji δ
ℓ
k − (τ)
j
i (τ)
ℓ
k
]
− (g1 + 6g2) δ
d
aδ
b
c
[
δℓi δ
j
k − (τ)
ℓ
i (τ)
j
k
]
. (27)
4 ORDER PARAMETERSWITH DEFINITE SYMMETRY
PROPERTIES.
Let us study the solution of the system of equations (25) and (26) for the order parameters having
definite transformation properties with respect to different symmetry groups. We use following
notations:
KΠΣ (M,β, µ) =
1
8pi2
∫
ϕ (p)
EΠΣ (p,M)
{
th
β
[
EΠΣ (p,M) + µ
]
2
+ th
β
[
EΠΣ (p,M)− µ
]
2
}
p2dp, (28)
EΠΣ (p,M) =
[
p2 + (M +Σ)2 +Π2
]1/2
. (29)
g = 2 [(2Nc + 1) g1 + 6g2] . (30)
In the case of the instanton induced effective four-fermion coupling the constant g is positive. In
order to have a more complete presentation as well as to provide a comparison we consider also
the case g < 0. For studying the spontaneous breaking of the parity conservation or/and the flavor
symmetry without that of the color symmetry we write the order parameters in the form
Σ
(ai)
(bj) = δ
a
b
[
δijΣs + (τn)
i
j Σt
]
, (31)
Π
(ai)
(bj) = δ
a
b
[
δijΠs + (τn)
i
j Πt
]
, (32)
where n is some three-dimensional unit vector, and set
Σ(±) = Σs ± Σt, (33)
Π(±) = Πs ±Πt. (34)
As the simple examples we consider in details three following particular phases:
1) Πij = 0;
2) Πs 6= 0, Πt = 0;
3) Πt 6= 0, Σt = 0.
Phase 1. In this phase we have the system without the spontaneous parity violation. From the
equations (25) for Σ
(ai)
(bj) we derive a system of two equations for Σ
(±):
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Σ(+) =
[
M +Σ(−)
]
gK0Σ(−) (M,β, µ) ,
Σ(−) =
[
M +Σ(+)
]
gK0Σ(+) (M,β, µ) . (35)
In the case of the non-vanishing bare quark mass,
M 6= 0,
from these equations it follows that
Σ(+) = Σ(−), (36)
and therefore
Σt = 0. (37)
This means that the flavor symmetry also cannot be spontaneously broken. The constant Σs is
determined by the equation
Σs
M
=
gK0Σs (M,β, µ)
1− gK0Σs (M,β, µ)
=
gK00 (M +Σs, β, µ)
1− gK00 (M +Σs, β, µ)
. (38)
Its solution always exists. The values of the integral gK0Σ (M,β, µ)at different sets of the values
of the physical parameters of the system are given in the Appendix. The quasiparticle with the
momentum p has the energy E0Σs (p,M) determined by the formula (29),
E0Σs (p,M) =
[
p2 + (M +Σs)
2
]1/2
(39)
Therefore Σs is the constant of the quark mass renomalization due to the presence of the quark-
antiquark pairing. In the particular case of the vanishing bare quark mass,
M = 0,
the system of equations (35) becomes
Σ(−) = Σ(+)gK0Σ(+) (0, β, µ) ,
Σ(+) = Σ(−)gK0Σ(−) (0, β, µ) . (40)
It follows that
Σ(+) = ±Σ(−). (41)
If
Σ(+) = Σ(−)
then
Σt = 0
and Σs is determined by the equation
gK0Σs (0, β, µ) = 1. (42)
If
6
Σ(+) = −Σ(−) (43)
then
Σs = 0 (44)
and Σt is determined by the equation
gK0Σt (0, β, µ) = −1. (45)
The existence of the solution of either the equation (42) or the equation (45) depends on the sign of
the constant g: For g > 0 the equation (45) has no solution, while in the case g < 0 the solution of
the equation (42) does not exist.
The existence of a non-vanishing solution of either the equation(42) or the equation (45) at the
appropriate values of the coupling constant g would mean the spontaneous breaking of the chiral
invariance in the system of the quarks and antiquarks with the vanishing bare quark mass: the
quark-antiquark pairing makes the massless quarks to become the massive ones. In the case of the
non-vanishing solution Σt of the equation (45) the flavor symmetry is spontaneously broken while
in the case of the non-vanishing solution Σs of the equation (42) there is no spontaneous breaking
of the flavor symmetry.
Phase 2. In this phase from the equations (25) and (26) we derive following system of equations for
the constants Σ(±) and Πs :
Σ(+) =
[
M +Σ(−)
]
gKΠs
Σ(−)
(M,β, µ) ,
Σ(−) =
[
M +Σ(+)
]
gKΠs
Σ(+)
(M,β, µ) , (46)
and
Πs = −Πs
1
2
g
{
KΠs
Σ(+)
(M,β, µ) +KΠs
Σ(−)
(M,β, µ)
}
, (47)
Because
Πs 6= 0,
from the equation (47) it follows that
1
2
g
{
KΠs
Σ(+)
(M,β, µ) +KΠs
Σ(−)
(M,β, µ)
}
= −1. (48)
The solution of this equation may exist only if g is negative. If the bare quark mass does not vanish,
M 6= 0,
then from the equation (46) it follows that
Σ(+) = Σ(−)
and therefore
Σt = 0.
The flavor symmetry is not spontaneously broken, and the equation (48) becomes
gKΠsΣs (M,β, µ) = −1, (49)
From the equations (46) now we obtain
Σs = −
M
2
, (50)
7
and the order parameter Πs is determined by the equation
gKΠs0
(
M
2
, β, µ
)
= −1. (51)
The existence of Σs and Πs would mean the quark mass renormalization and the spontaneous
parity violation without the spontaneous breaking of the flavor symmetry. If the bare quark mass
is vanishing,
M = 0,
then the system of equations (46) becomes
Σ(+) = Σ(−)gKΠs
Σ(−)
(0, β, µ) ,
Σ(−) = Σ(+)gKΠs
Σ(+)
(0, β, µ) . (52)
From these equations we derive the relation
gKΠs
Σ(−)
(0, β, µ) .gKΠs
Σ(+)
(0, β, µ) = 1. (53)
The system of two equations (48) and (53) for two variables gKΠs
Σ(−)
(0, β, µ) and
gKΠs
Σ(+)
(0, β, µ) has the unique solution
gKΠs
Σ(−)
(0, β, µ) = gKΠs
Σ(+)
(0, β, µ) = −1. (54)
Substituting this value of gKΠs
Σ(±)
(0, β, µ) into the equations (52), we obtain the relation
Σ(+) = −Σ(−), (55)
which means that
Σs = 0. (56)
The equation (54) becomes
gKΠsΣt (0, β, µ) = −1. (57)
Denote Σmax the solution of the equation
gK0Σmax (0, β, µ) = −1. (58)
A comparison of two equations (57) and (58) gives the relation
Σ2t +Π
2
s = Σ
2
max. (59)
Thus in the case of the massless bare quarks with the negative coupling constant g if the equation (58)
has a solution Σmax 6= 0 then there exists a continuous class of the quark-antiquark pair condensates
spontaneously breaking the flavor symmetry and the parity conservation with the order parameters
Σt and Πs satisfying the condition (59).
Phase 3. In this phase from the equations (25) and (26) we derive the system of equations for the
constants Σs and Π
(±):
Σs = (M +Σs)
1
2
g
{
KΠ
(−)
Σs (M,β, µ) +K
Π(+)
Σs (M,β, µ)
}
, (60)
Π(+) = −Π(−)gKΠ
(−)
Σs (M,β, µ) ,
Π(−) = −Π(+)gKΠ
(+)
Σs (M,β, µ) . (61)
8
From the equations (61) it follow that
Π(+) = ±Π(−). (62)
Because
Πt 6= 0,
we must choose the solution with
Π(+) = −Π(−) (63)
and therefore
Πs = 0, (64)
Then the equations (61) give
gKΠtΣs (M,β, µ) = 1. (65)
From the equations (60) and (65) it follows that
M = 0.
Thus the phase 3 may exist only in the case of the vanishing bare quark mass. In this case Σs and
Πt are determined by the equation
gKΠtΣs (0, β, µ) = 1 (66)
Denote Πmax the solution of the equation
gKΠmax0 (0, β, µ) = 1. (67)
We have also the relation of the form (59) between the parameters Σs, Πt and Πmax :
Σ2s +Π
2
t = Π
2
max. (68)
Thus in the case of the massless bare quarks with the positive coupling constant g if the equation
(67) has a solution Πmax 6= 0, then there exists a continuous class of the quark-antiquark pair
condensates spontaneously breaking the flavor symmetry and the parity conservation with the order
parameters Σs and Πt satisfying the condition (68).
5 DISCUSSIONS.
We have shown that in a system of quarks and antiquarks with two flavors and Nc co-lors
and with the direct four-fermion coupling determined by the interaction Lagrangian (3) and the
coupling constant matrix (24) the spontaneous breaking of the parity conservation and/or the flavor
symmetry without that of the color symmetry may take place only if one among the equations (51),
(58) and (67) has some non-vanishing solution which would determines the order parameters of the
corresponding spontaneously breaking symmetry phase. There is a significant difference between
these equations for the quark-antiquark pairing and the BCS equation for the superconductivity:
According to the formula (28) for the function KΠΣ (M,β, µ)the expression under the integration
over the momentum in the new equations (51), (58) and (67) is finite, while in the BCS equation the
expression under the integration over the momentum is divergent at the Fermi surface. Therefore
the solution of the BCS equation always exists, while the equation (51), (58) and (67) may have the
solutions only if the magnitude of the coupling constant g is large enough and the range of the form-
factor ϕ (p) is wide enough. To simplify the calculations in the sequel we replace the form-factor
ϕ (p) by introducing the momentum cut-off λ.This means that we set
9
ϕ (p) = θ (λ− p) .
Then the equation (28) becomes
KΠΣ (M,β, µ) =
1
8pi2
∫ λ
0
1
EΠΣ (p,M)
{
th
β
[
EΠΣ (p,M) + µ
]
2
+ th
β
[
EΠΣ (p,M)− µ
]
2
}
p2dp, (69)
We discuss first the case of the massive bare quarks
M 6= 0.
The existence of some non-vanishing solution Πs of the equation (51) would mean the spontaneous
violation of the parity conservation without the flavor symmetry breaking. It is easy to verify that
Πs 6= 0 does exist if the coupling constant g and the momentum cut-off λ satisfy following (sufficient)
condition
|g|
λ2
8pi2
f
(
M
2λ
)
> 1 (70)
with
f (α) =
√
1 + α2 − α2 ln
(
1
α
+
√
1 +
1
α2
)
. (71)
For the free energy density FMβ [Πs] in this phase we have the relation
βFMβ [Πs] = 4
{
1
2
(
−
M2
4
+ Π2s
)
KΠs0
(
M
2
, β, µ
)
−
∫ 1
0
[
−
M2
4
(2− ω) + ωΠ2s
]
KωΠs0
(
M
(
1−
ω
2
)
, β, µ
)
dω
}
. (72)
The spontaneously violating parity phase is a stable one if and only if
1
2
(
−
M2
4
+ Π2s
)
KΠs0
(
M
2
, β, µ
)
≤
∫ 1
0
[
−
M2
4
(2− ω) + ωΠ2s
]
KωΠs0
(
M
(
1−
ω
2
)
, β, µ
)
dω (73)
For the given values of β, µ and λ this condition is satisfied only for the large enough values of the
ratios Πs/M
Πs
M
≥ C
(
β, µ,
λ
M
)
. (74)
The curve C (∞, 0, x) as a function of x = λ/M is plotted in Fig.1.
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Fig. 1. The curve C
(
∞, 0, λ
M
)
as a function of x = λ/M.
Now we discuss the case of the massless bare quarks
M = 0.
If the coupling constant g and the momentum cut-off λ satisfy the (sufficient) condition
1
8pi2
|g|λ2 > 1, (75)
then the equation (57) with negative g and the equation (66) with positive g have non-vanishing
solutions Σt, Πs (phases 2) and Σs, Πt (phases 3), respectively. In these phases the parity conserva-
tion and /or the flavor SU (2) symmetry are spontaneously broken. Their free energy densities are
determined by following relations:
Phase 1
βF 0β [Σ] = 4Σ
2
{
1
2
K0Σ (0, β, µ)−
∫ 1
0
K0ωΣ (0, β, µ)dω
}
. (76)
Phases 2
βFβ [Σt, Πs] = 4
(
Σ2t +Π
2
s
){1
2
KΠsΣt (0, β, µ)−
∫ 1
0
ωKωΠsωΣt (0, β, µ) dω
}
. (77)
Phases 3
βFβ [Σs, Πt] = 4
(
Σ2s +Π
2
t
){1
2
KΠtΣs (0, β, µ)−
∫ 1
0
ωKωΠtωΣs (0, β, µ) dω
}
. (78)
Because
KΠsΣt (0, β, µ) = K
0
Σmax (0, β, µ) , (79)
Σmax being determined by the relation (59), and
KΠtΣs (0, β, µ) = K
Πmax
0 (0, β, µ) , (80)
Πmax being determined by the relation (68), the free energy densities of all phases 2 with different
pairs of order parameters Σt, Πs have one and the same value
Fβ [Σt, Πs] = Fβ [Σmax, 0] = F
0
β [Σmax] , (81)
and those of all phases 3 with different pairs of order parameters Σs, Πt also have one and the same
value
Fβ [Σs, Πt] = Fβ [0,Πmax] = F
0
β [Πmax] . (82)
11
Thus we have the total degeneracy between different phases in each continuous class. The free energy
densities (77) and (78) are negative, and the phases 2 and 3 are stable. Note that in these phases
not only the parity conservation and/or the SU (2) flavor symmetry, but also the chiral symmetry,
are spontaneously broken. Phase 1 is a limiting case of phases 3.
The expressions (31) and (32) of the order parameters Σ
(ai)
(bj)
and Π
(ai)
(bj)
contain the arbitrary unit
vector n. However the free energy densities (77) and (78) do not depend on the direction of this
vector.
The critical temperature of the phase transition is determined by the equation
|g|K00 (0, βc, µ) = 1. (83)
The solution βc at given values of |g|, λ (satisfying the condition (75)) and µ is plotted in Fig.
2. At each temperature lower than the critical one, β > βc, the order parameter Σmax or Πmax is
non-vanishing. The β-dependence of Σmax or Πmax at some given values of |g|, λ (satisfying the
condition (75)) and µ is presented in Fig. 3.
310 320 330 340 350 360 370
g
7.5
10
12.5
15
17.5
20

c
Fig. 2. βc in (GeV )
−1 vs. |g| in (GeV )−2 at λ = 0.6GeV and µ = 0.3GeV.
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βc β
Fig. 3. Πmax or Σmax in GeV vs. β in (GeV )
−1 at g = 330 (GeV )−2,
λ = 0.6GeV, µ = 0.3GeV.
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APPENDIX.
In the following tables we present the values of the function K00 (M,β, µ) at given values of the
constants M , λ, µ in the GeV unit and β in the (GeV )−1unit
Table 1. K00 (M,β, µ) at M = 0.1 and λ = 0.6.
       
µ
β 0.1 0.11 0.12 0.13 0.14 0.15 0.16 0.17 0.18
1 0.000893 0.000893 0.000892 0.000892 0.000891 0.000890 0.000890 0.000889 0.000888
2 0.001686 0.001683 0.001680 0.001676 0.001673 0.001669 0.001665 0.001660 0.001656
3 0.002326 0.002319 0.002311 0.002303 0.002294 0.002284 0.002274 0.002263 0.002251
4 0.002812 0.002800 0.002788 0.002774 0.002759 0.002743 0.002726 0.002708 0.002690
5 0.003170 0.003155 0.003138 0.003119 0.003099 0.003078 0.003056 0.003032 0.003007
6 0.003430 0.003412 0.003392 0.003370 0.003347 0.003322 0.003295 0.003267 0.003237
7 0.003620 0.003600 0.003578 0.003554 0.003528 0.003501 0.003471 0.003440 0.003407
8 0.003759 0.003738 0.003715 0.003690 0.003663 0.003634 0.003603 0.003569 0.003534
9 0.003862 0.003840 0.003817 0.003791 0.003764 0.003734 0.003702 0.003668 0.003632
10 0.003939 0.003918 0.003894 0.003869 0.003841 0.003811 0.003778 0.003744 0.003707
11 0.003999 0.003977 0.003954 0.003929 0.003901 0.003871 0.003838 0.003804 0.003767
12 0.005670 0.005648 0.005625 0.005600 0.005572 0.005541 0.005509 0.005474 0.005436
Table 2. K00 (M,β, µ) at M = 0.1 and λ = 0.7.
       µ
β 0.1 0.11 0.12 0.13 0.14 0.15 0.16 0.17 0.18
1 0.001409 0.001409 0.001408 0.001407 0.001406 0.001405 0.001404 0.001403 0.001402
2 0.002619 0.002615 0.002610 0.002605 0.002600 0.002594 0.002588 0.002582 0.002575
3 0.003544 0.003535 0.003524 0.003513 0.003501 0.003488 0.003474 0.003459 0.003444
4 0.004207 0.004192 0.004176 0.004158 0.004140 0.004120 0.004098 0.004076 0.004052
5 0.004667 0.004648 0.004628 0.004606 0.004583 0.004558 0.004531 0.004503 0.004473
6 0.004985 0.004964 0.004942 0.004917 0.004891 0.004862 0.004832 0.004800 0.004766
7 0.005207 0.005185 0.005161 0.005135 0.005107 0.005077 0.005044 0.005010 0.004974
8 0.005363 0.005341 0.005317 0.005290 0.005261 0.005230 0.005197 0.005162 0.005124
9 0.005476 0.005454 0.005430 0.005403 0.005374 0.005343 0.005310 0.005274 0.005236
10 0.005560 0.005538 0.005513 0.005487 0.005458 0.005427 0.005394 0.005358 0.005320
11 0.005622 0.005600 0.005577 0.005550 0.005522 0.005491 0.005458 0.005423 0.005385
12 0.005670 0.005648 0.005625 0.005600 0.005572 0.005541 0.005509 0.005474 0.005436
Table 3. K00 (M,β, µ) at M = 0.1 and λ = 0.8.
µ
β 0.1 0.11 0.12 0.13 0.14 0.15 0.16 0.17 0.18
1 0.002089 0.002088 0.002087 0.002086 0.002084 0.002083 0.002082 0.002080 0.002078
2 0.003816 0.003810 0.003804 0.003798 0.003790 0.003783 0.003774 0.003766 0.003756
3 0.005063 0.005051 0.005038 0.005024 0.005009 0.004992 0.004975 0.004956 0.004937
4 0.005903 0.005886 0.005867 0.005847 0.005825 0.005801 0.005776 0.005749 0.005721
5 0.006456 0.006435 0.006413 0.006388 0.006362 0.006334 0.006304 0.006272 0.006238
6 0.006821 0.006798 0.006774 0.006748 0.006719 0.006689 0.006656 0.006621 0.006584
7 0.007066 0.007043 0.007018 0.006991 0.006961 0.006929 0.006895 0.006859 0.006821
8 0.007234 0.007212 0.007186 0.007159 0.007129 0.007097 0.007063 0.007026 0.006988
9 0.007353 0.007331 0.007306 0.007279 0.007249 0.007217 0.007183 0.007147 0.007108
10 0.007440 0.007417 0.007393 0.007366 0.007337 0.007306 0.007272 0.007236 0.007197
11 0.007503 0.007482 0.007458 0.007431 0.007403 0.007372 0.007339 0.007303 0.007265
12 0.007552 0.007531 0.007507 0.007482 0.007454 0.007423 0.007390 0.007355 0.007317
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Table 4. K00 (M,β, µ) at M = 0.13 and λ = 0.8.
       µ
β 0.1 0.11 0.12 0.13 0.14 0.15 0.16 0.17 0.18
1 0.002088 0.002087 0.002086 0.002085 0.002083 0.002082 0.002080 0.002079 0.002077
2 0.003809 0.003803 0.003797 0.003790 0.003783 0.003776 0.003767 0.003759 0.003750
3 0.005045 0.005033 0.005021 0.005006 0.004991 0.004975 0.004958 0.004940 0.004920
4 0.005872 0.005856 0.005837 0.005817 0.005796 0.005773 0.005748 0.005722 0.005695
5 0.006413 0.006393 0.006371 0.006348 0.006323 0.006295 0.006266 0.006236 0.006203
6 0.006767 0.006746 0.006723 0.006697 0.006670 0.006641 0.006610 0.006577 0.006541
7 0.007003 0.006981 0.006958 0.006932 0.006904 0.006874 0.006842 0.006808 0.006772
8 0.007163 0.007142 0.007119 0.007094 0.007066 0.007036 0.007004 0.006970 0.006934
9 0.007276 0.007255 0.007233 0.007208 0.007181 0.007152 0.007120 0.007087 0.007051
10 0.007356 0.007337 0.007315 0.007291 0.007265 0.007236 0.007206 0.007173 0.007137
11 0.007416 0.007397 0.007376 0.007353 0.007327 0.007300 0.007270 0.007238 0.007203
12 0.007460 0.007442 0.007422 0.007400 0.007375 0.007348 0.007319 0.007288 0.007254
Table 5 . K00 (M,β, µ) at M = 0.15 and λ = 0.8.
       µ
β 0.1 0.11 0.12 0.13 0.14 0.15 0.16 0.17 0.18
1 0.002087 0.002086 0.002085 0.002084 0.002082 0.002081 0.002080 0.002078 0.002076
2 0.003803 0.003797 0.003791 0.003785 0.003778 0.003770 0.003762 0.003753 0.003744
3 0.005031 0.005019 0.005006 0.004992 0.004978 0.004962 0.004945 0.004927 0.004907
4 0.005848 0.005831 0.005813 0.005794 0.005773 0.005750 0.005726 0.005701 0.005674
5 0.006378 0.006359 0.006338 0.006315 0.006291 0.006264 0.006236 0.006206 0.006175
6 0.006724 0.006704 0.006681 0.006657 0.006631 0.006603 0.006573 0.006541 0.006507
7 0.006953 0.006932 0.006910 0.006885 0.006859 0.006831 0.006800 0.006767 0.006733
8 0.007107 0.007087 0.007066 0.007042 0.007016 0.006988 0.006958 0.006925 0.006891
9 0.007215 0.007196 0.007175 0.007152 0.007126 0.007099 0.007070 0.007038 0.007005
10 0.007291 0.007273 0.007253 0.007231 0.007207 0.007181 0.007152 0.007122 0.007089
11 0.007347 0.007330 0.007311 0.007290 0.007267 0.007242 0.007214 0.007185 0.007153
12 0.007388 0.007372 0.007354 0.007334 0.007312 0.007288 0.007262 0.007234 0.007203
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